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Introduction: The Need for a Relativistic Gravity Theory
The special Theory of Relativity (SR)proposed in 1905 by Einstein, has brilliantly solved many of the severe problems faced by physics at the turn of the 20th century. SR successfully provided a Lorentz covariant formulation for both particle dynamics and for the the electromagnetic field. Thus a covariant formulation in all inertial frames was achieved.
However, SR fell short of answering two central questions:
(a) How should be physics formulated in non inertial reference frames, i.e. accelerated frames.
(b) How should gravity be reconciled with SR. Clearly, Newtonian gravity, where the gravitational potential φ satisfies Poisson's equation ∇ 2 φ = −4πGc −2 ρ, is not Lorentz covariant(here G is Newton's constant, ρ the matter density and c the speed of light). This fact is in sharp contrast with Maxwell's equations for the electromagnetic field which are Lorentz covariant.
A theory providing answers to both questions was proposed by Einstein in 1915, the General Theory of Relativity (GR). It took Einstein ten years of hard work (as we learn from his writings) to bridge the gap and develop GR. Gravity, in GR, is described by means of a curved four dimensional Riemannian spacetime. The Minkowski flat spacetime of SR is a special case which applies globally only when gravity is absent.
GR is covariant under general coordinate transformations, and also provides covariant description of physics in general coordinate systems. Thus, GR fully answers question (a) above. With regard to question (b) above the answer is quiet interesting. While being a relativistic theory , GR is not contained within the framework of SR (contrary Maxwell equations). Rather, it implies that SR is incompatible with global gravity. It is of interest to note that all attempts at constructing a relativistic gravity theory within SR have resulted in either inconsistencies or in contradictions to experimental and observational data.
The predictions of GR regarding planetary motions in the solar system, compact stellar objects, gravitational radiation, gravitational lensing and cosmology, are in accord with the observations. The most dramatic observational confirmations were made possible in the last decades. Today, GR is regarded as the most elegant and successful physical theory ever proposed.
Geometrical Approach to Gravity 2a. The Equivalence Principle
The Equivalence Principle (EP) played a central role in the development of GR. As originally formulated by Einstein in 1908, it states: "all effects of a uniform gravitational field are identical to the effects of a uniform acceleration of the coordinate system".
This implies that a uniform gravitational field can be transformed away by an appropriate accelerated reference frame, i.e. one that is freely falling in the field. In this inertial frame, SR applies and all physical laws retain their SR form. The EP suggests that the two questions posed in Chapter 1 are interconnected and may refer to two aspects of the same fundamental entity.
In the case of a non uniform field, The EP can be applied locally in a sufficiently small domain of space and time, so that the variation of the field can be ignored. Thus, one can introduce a local inertial Lorentzian reference frame in which all physical laws retain their SR form. This formulation of the EP is referred to as "the Strong EP" (SEP) distinguishing it from other formulations. For more details see articles 7 and 8.
The EP has some immediate implications:
(1) The ratio of gravitational to inertial mass of a body is a universal dimensionless constant resulting in the universality of free fall.
(2) Light rays passing nearby a massive body follow bent trajectories.
(3) A photon traveling up (down) in a gravitational potential undergoes a gravitational red (blue) shift.
Let us discuss these points:
(1) The gravitational mass of a body m g is defined through the gravitational force equation F g = −m g ∇φ is playing the role of "gravitational charge".The inertial mass of the body m i is the one appearing in Newton's second law F = m i a. According to the EP, a given gravitational field can locally be replaced by an accelerated reference frame. Thus, the ratio m g /m i must be the same for all objects. This universality has been tested by Etvoes, Pekar and Fekete (1922) who found that (2) Consider a box located in a uniform gravitational field (Fig. 1) . A photon is emitted in the horizontal direction from A. Will it move along line AB or rather along a bent down curve AC, as a massive body will? To answer this, consider an identical box which is gravity free but is accelerated upward with an acceleration a = − g ( Fig. 2) . According to the EP, physics should be the same in both boxes. Let us emit a photon in the horizontal direction in the box of Fig.2 . In this case the trajectory will be bent down parabola AC, since the box is accelerating upward in a free force region. The EP then implies that in Fig. 1 , the photon will also follow a bent down trajectory AC. Bending of starlight grazing the sun's surface was first observed in a 1919 eclipse. Substantially better confirmations were obtained in recent decades by measurements of deflection of radio waves emitted by QSOs in the solar gravitational field (Counselman et. al. 1974 ). Gravitational lensing, based on the trajectory bending of photons, has become in recent years an important astronomical observational tool.
(3) Consider once more boxes (a) and (b). Let a photon be emitted from the bottom and detected at the top. In box (b) one can compute the Doppler redshift by noting that, at the moment the photon reaches the top, the bottom has a relative velocity v = | a|h/c. Thus the redshift is z ≡ λ top /λ bottom = 1 + v/c. According to the EP this is also the redshift in box (a). Now, since | a| = | g|, we have z = 1 + ∆φ c 2 whee ∆φ is the gravitational potential difference between the top and the bottom. This gravitational redshift formula was verified to a precision of 1 part in 100 by Pound and Rebka (1960) and by Pound and snider (1965) who used the Mossbauer effect to detect γ rays from 
2b. The Need for a Metric Gravity Theory as a Result of combining SR and EP
As demonstrated in the previous subsection, combining the SR and EP can yield interesting results regarding gravity. One can use the same approach in order to obtain an insight into the general approach towards developing a relativistic gravity theory. In order to do so, let us summarize some of the main points of SR.
(i) Existence of a Lorentz-invariant squared line element ds 2 , in a four dimensional Minkowski spacetime.
The line elements measures proper time intervals and proper physical distances between two neighboring events.
(ii) Massive particles move along timelike(ds 2 > 0) trajectories. Free particles move along timelike straight lines
(iii) Photons (and other zero mass particles) move along null straight lines.
µ dp 2 = 0 ; ds
where p = s is the line parameter.
(iv) All physical quantities are represented by tensors in the Minkowski spacetime.
Consider now a region of spacetime permeated by a gravitational field. Let us use a coordinate system {x µ } to mark four points in the region. Apply the EP to transform to a local Lorentz coordinate system {x µ }. In this framē
Let us expressx
Assume further that the line element squared, being a scalar, is invariant under general coordinate transformations, and not only under inertial coordinate transformations.
This yieldsd
where
Thus when expressed in the original coordinates {x µ }, ds 2 has the form of a squared line element in a curved four dimensional Riemannian space. This suggests that a gravitational field can be represented by a geometry of a curved four dimensional spacetime. The emerging geometric approach to gravity can be summarized as follows:
(a) Physical spacetime is a four dimensional Riemannian space. In gravity free regions, the space is a flat Minkowski spacetime and SR holds.
(b) At any four point in spacetime it is possible to introduce a local inertial Lorentzian coordinate system in which SR holds, and local physics retains it SR form.
(c) Laws of physics should be formulated in a general covariant manner. This implies the physical quantities should be represented by tensors in a curved Riemannian space.
(d) The line element squared defines proper spacetime intervals between neighboring events. As such , it should be invariant under general coordinate transformations.
Using the above principles and the EP, one can conclude the following results:
(e) Massive particles move along timelike (ds 2 > 0) trajectories. Free particles (not subject to any non gravitational interaction) move along timelike geodesics.
(f ) Photons (and other zero mass particles) move along null geodesics. see 2d. for a derivation of (e) and (f) above.
2c. Coordinates, Metric and Spacetime Measurements
Coordinates are any set of four dimensional markers, attached continuously to spacetime points. As such, they need not to have any measurable physical meaning.
As stated in the previous section, measured physical spacetime intervals are given by the line element. Once a coordinate system is chosen, one can determine the components of the metric tensor g µν by carrying out spacetime measurements. Examples follow.
Measuring g 00
In order to measure g 00 at a given spacetime point, consider a clock at rest in the spatial coordinates {x i }. Compare two events on the clocks world line:
In this case ds 2 = g 00 dx 0 2 . Let us transform to a local coordinate system {x µ } in which the clock is momentary at rest. Thus, in this frame the same invariant
where dτ is the proper time interval as measured by the clock (in the inertial rest frame). Therefore
and so
is expressed as the square of the ratio between the proper time interval and the corresponding coordinate time interval.
Measuring g 0i , g ij Let two photons be emitted from (
. photons move along null geodesics so for the pair of events
resulting in
Therefore, given the above measured g 00 , and the coordinate intervals dx 1 , dx 0 , dx * 0 , one can determine g 11 and g 01 . The procedure for measuring g 0i and g ii (i = 2, 3) is the same. By similar procedures, one can measure g ij (i = j).
2d. Geodesic Equations of Motion
What trajectories follow material particles, which are free from all other interactions, in a gravitational field? To answer this question, consider a region of spacetime in which there exists a gravitational field. Let us use the coordinates {x α }. In a local inertial coordinate system {x α }, SR holds so that free particles move along straight timelike lines
Employing the EP and expressingx µ by x α as in section 2b, one finds, after some algebra
where g µν is given by Eq.(2.6). Equation (2.12)describes a timelike geodesic in the curved geometry defined by g µν . It can be easily shown that a geodesic is also the curve that extremizes the total arc length, ds , between two four points in spacetime. A more formal definition of a geodesic will be introduced in chapter 3.
As for a non free particle, the equations of motion will not be those of a geodesic, however the line element is timelike (ds 2 > 0). This follows immediately from the EP and SR.
To obtain the trajectory of a photon in a gravitational field, recall that in the local inertial coordinates the trajectory is given by dx µ dp 2 = 0 ; ds 2 = 0 where p = s is the curve parameter. Following the same steps as in the case of massive particle , the result is
α dp 2 + g µα,β − 1 2 g αβ,µ dx α dp dx β dp ; ds
This is an equation of a null geodesic in the curved geometry defined by g µν .
Correspondence with Newtonian Gravity
In order to establish a correspondence between Newtonian gravity and the geometric description of relativistic gravity, it is useful to examine the geodesic equations of motion for slow particles (v << c) in a weak, static gravitational field.
A static field corresponds to a metric of the form:
in the case of a weak field
Using Eqs.( 2.14), (2.15), the geodesic equations(2.12) become
Eq.(2.18) should be compared with the Newtonian equations of motion
, where φ is the gravitational potential. Since x = ct, we may identify
namely the deviation of g 00 from unity is proportional to the gravitational potential φ.
2e. Gravitational Redshift
Consider a photon emitted at {x µ e } and detected at {x
The frequencies of the photon measured by the emitter and by the detector are in general different. The difference depends on the world-lines of the emitter and the detector and on the gravitational field in the region under consideration. Let us focus here on the effects of the gravitational field. Consider therefore, a static field with the line element squared given by Eq.(2.14) and emitter and detector at rest in the coordinate system. Since the photon trajectory is a null geodesic it follows that
Consider a pulse of N photons with duration of N periods which is being emitted and detected. From Eq.(2.20) it follows that (dt denoting dx 0 )
where the time intervals are coordinate time intervals corresponding to N periods, at the detector and emitter respectively. Now, for an emitter and detector at rest at the moments of emission and detection respectively, the periods are given by
In the case of a weak field eqs. (2.19) and (2.22) imply that
which coincides with the expression for z obtained in section 2a, using the EP.
3. Tensor Algebra and Analysis-a Short Review.
As already stated in section 2b, general covariance implies that physicality quantities be represented by tensors in a four dimensional Riemannian space. A brief summary of tensor algebra and analysis follows.
3a. Transformation laws
For a physical quantity defined as function of spacetime four points to be a tensor, it must undergo a specific transformation under the coordinates transformation x µ →x µ (x α ).
Scalar A one component quantity whose value is unchanged under coordinates transformationφ
Contravariant Vector four component quantity transforming in the same way as dx
Covariant Vector four quantity transforming in the same way as
Tensor Multi indexed quantity; number of components equals four times the number of induces. Each contravariant (upper) index and each covariant (lower) index transform as does the corresponding vector type.
Algebra
Raising and Lowering Indices Given a contravariant vector A µ , one may define an
Similarly, given a covariant vector A µ , one may define an associated contravariant vector A µ by
where g µν is the inverse of g µν
These procedures are readily generalized to any contravariant and covariant index of a general tensor.
Scalar Product
The scalar (inner) product of two vectors is the sum of the products of the contravariant component by the corresponding covariant component.
The result is a scalar as can be easily verified by checking its behavior under a coordinate transformation (using the known transformation rules of A µ and B µ ). One can generalize the scalar product operation to apply to two tensors. The resulting tensor is of a degree equaling the sum of the degrees of the multiplying tensors minus 2. E.g. R µνα A α i s a second order contravariant tensor.
Norm of a Vector
This the scalar product of the vector with itself.
Contraction Contraction is the inner summation over a repeated index of a mixed tensor, resulting in a tensor of a degree lower by 2 than that of the original tensor, e.g., B µν ν is a contravariant vector.
3c. Analysis
Tensor Field Is an assignment of a tensor at each four point of a given domain of spacetime. The components of the tensor field are functions of position in spacetime.
Parallel transport of Contravariant Vectors Consider a vector A µ at a four-point
0 . Let us pass through that point a curve, x α (p), with p the curve parameter. We want to transport the vector along the curve so as to form the closest possible generalization to a constant vector field along a curve in flat spacetime.The transport law should be linear in A α since one would like that the transport of a sum of two vectors be equal to the sum of the two transported vectors. We demand also that the transported vector is parallel to the curve. Let's write therefore
and demand that
(ii) That for any four point one can find a local Lorentzian coordinate system in which Γ µ αβ vanish at this point. Thus, in the point's local neighborhood, Eq.(3.10) results in a constant vector field.
(iii) That the scalar product of two transported vectors, and in particular the norm of a transported vector, remains constant along the path x α 0 . These requirements determine uniquely Γ α µν
as well as it's transformation law
Thus Γ α µν , known as the Christoffel symbol , is not a tensor. We note that the transported value of the vector A µ at a given point depends on the curve joining the point with the original point where the original vector was defined. Thus in a general spacetime, one cannot generate a vector field by parallel transport. We discuss this in some detail in chapter 5.
Parallel Transport of a Covariant Vector By using the fact that the scalar product of parallel transported vectors is constant along the curve d dp (A µ B µ ) = dA µ dp B µ + A µ dB µ dp = 0 and applying Eq.(3.10), it follows that ( because the two original vectors are general) dA µ dp = Γ α µβ A α dx β dp (3.13)
Covariant Derivative Given a vector field A µ (x α ), it is easy to check that A µ , ν does not transform as a tensor. One can form a derivative that is a tensor by taking, at x α +dx α , the difference between A µ (x α + dx α ) and the parallel transported value of
The difference is
The resulting covariant derivative
is a tensor. The covariant derivative reduces to the ordinary partial derivative in a local inertial coordinate system, since in the latter Γ µ αν = 0. In the case of a covariant vector the covariant derivative is given by
The covariant derivative of a general tensor is given by,
The covariant derivative of a product is expanded in the same way as an ordinary partial derivative of a product, e.g.
The covariant derivative of the metric tensor vanishes identically
Divergence of a Vector
where g ≡ det(g µν ).
Curl of a Vector Since Γ α µν = Γ α νµ we find
Geodesics A geodesic is defined as a curve x µ (p) along which the tangent to the curve dx µ dp is being parallel transported. This definition is the generalization of the concept of a straight line in a flat space. Thus, d dp dx µ dp = −Γ µ αβ dx α dp dx β dp (3.21)
Comparison with Eq.(2.12) shows (after contracting Eq.(2.12) with g µν ) that the two are indeed identical.
Since the norm of a parallel transported vector is constant along the curve, one has in the case of a geodesic ds dp 2 = g µν dx µ dp dx ν dp = const . Hence, a geodesic retains its timelike , spacelike, or null character along its full extent. From Eq.(3.21) it follows that any other parameter q satisfying it, must be related to p by dp dq = const. Consider a non null geodesic. it satisfies ds dp 2 = g µν dx µ dp dx ν dp = const
. Hence dp ds = const., and s can serve as the geodesic parameter. For null geodesic ds = 0 and one must have p = s. 
Only for linear transformations where ∂x µ ∂x α are constants does A µν behave like a tensor.
Tensor densities and their integrals will be encountered in Chapters 6, 7 and 8.
Local Inertial Frames
One of the principles of the geometric approach to gravity (section 2b) is the existence, at any spacetime point of a local inertial coordinate system in which locally g µν = η µν and SR applies. In this section we explicitly construct such a system and quantify its properties. Given a coordinate system {x µ } let us construct a local inertial coordinate system at the vicinity of the four point x µ p by defining the coordinates {x α }:
The point x which , upon applying the transformation law for g µν , yields
By using the transformation law of the Christoffel symbols, Eq.(3.12), and Eq.(4.2) we find that
implying ( by use of Eq.(3.11))
At this stage one may apply, further, a linear transformation
to diagonalize and normalize (ḡ µν ) p , resulting in
while keeping
Thus in the neighborhood of this system origin ( x α ) p = 0 , g µν = η µν up to the 2 nd order in x α .
In the coordinate system { x α } one has in a sufficiently small neighborhood of ( x α ) p = 0 :
(i) Covariant derivatives reduce to ordinary partial derivatives.
(ii) The equations of geodesics are straight lines
µ dp 2 = 0 (4.9) (iii)
Thus { x α } has indeed the characteristics of the local inertial frame. The coordinate system axes themselves satisfy Eq.(4.9) and hence are geodesics. This suggests a practical way of constructing a local inertial frame at any given four point. Pick four mutually orthogonal geodesics originating from the point (one timelike and three spacelike). The coordinates of a point x α are defined to be the proper lengths along the axes-geodesics from the origin up to the normal projections of x α on the axes. Thus, the spatial origin of the system ( x i = 0) moves along the free falling timelike geodesic.
Is it possible to find an inertial coordinate system such that also the second derivatives of the metric tensor vanish at the coordinates origin? The answer is negative: the reason being that the Riemann curvature tensor (see Chapter 5) cannot be made to vanish by use of coordinate transformations. Thus while one may, via the local inertial frame, eliminate locally the effects of gravitational field, one cannot do so globally in a finite domain of spacetime.
Curvature
Given a general metric tensor, g µν , one would like to know whether it represents a genuine curved spacetime or just appears to be so because of a particular choice of a the coordinate system. In physical terms, one would like to know whether a non Lorentz metric represents a gravitational field or is a result of "accelerated" coordinates to describe an otherwise gravity free flat Minkowski spacetime. This question can be answered by examining the Riemann curvature tensor. As will be seen, the vanishing of the latter (which is a coordinate invariant statement) is a necessary and sufficient condition for spacetime flatness. In order to introduce the curvature tensor, let's consider the commutator of the second covariant derivatives of a vector A µ . Upon using the definition of the covariant derivative, we find
is the Riemann curvature tensor.
Theorem R µ ραβ = 0 is a necessary and sufficient condition for spacetime flatness.
Necessary Condition
Given a flat spacetime, one can introduce a coordinate system in which g µν = η µν globally. Thus (Γ 
Sufficient Condition
To prove that R µ ραβ = 0 is a sufficient condition to ensure spacetime flatness, let us first consider the conditions under which one can generate by parallel transport a true vector field. The latter should be only a function of position in spacetime, independently of the path of transport. For this to occur we must have
where A µ is generated by parallel transport, namely Let's define new coordinatesx α = φ (α) . Using the transformation law for the Christoffel symbols, Eq.(3.12), we find thatΓ β µν = 0, namelyḡ µν,β=0 globally. Thus, the spacetime is flat and further linear transformation with constant coefficients, would yield coordinates { x α } in which g µν = η µν , globally.
Since R µ ραβ is a tensor, then from its transformation law it follows that if it vanishes in one coordinate system, it vanishes in all coordinates systems. Conversely, if it has at least one nonzero component in one system, it cannot vanish in any other coordinate system. In particular, even in a local inertial coordinate system in which g µν = η µν and g µν,α = 0, it is impossible even locally to make e R µ ραβ = 0. The reason is that the curvature tensor depends also on the second order derivatives of the metric that are nonzero even in a local inertial coordinate system. Therefore, the vanishing of the the curvature tensor is a coordinate invariant criterion for spacetime flatness.
Symmetries of the Curvature Tensor
From eqs. (5.1) and (5.2) it follows that: .8) i.e. the curvature tensor is antisymmetric in the two first and the two last indices.
(ii) R µναβ = R αβµν (5.9)
i.e. the tensor is symmetric under the exchange of the first and last pairs of indices.
This last symmetry which is valid on its own, can be also derived from the two previous ones, except in the case where all indices have different values. In this case, the symmetry holds but is not a result of the previous ones.
The above symmetries leave us with 20 independent components of the curvature tensor (out of a total 64). For further classification of the symmetries of the curvature tensor see the detailed discussion in Article 2.
Curvature Tensor of a Weak Static Gravitational Field
Consider the metric corresponding to a weak static gravitational field as in section 2d.
To first order in h µν , the nonzero components of the curvature tensor are computed to be, 
Consider two point masses separated by a spatial vector d j . The tidal force per unit mass exerted on the two masses, by a gravitational field φ is
Thus the curvature tensor represents gravitational tidal forces, at a given point. These forces cannot be eliminated by transforming to a local inertial coordinate system.
The Bianchi Identities
The curvature tensor can be shown to satisfy a set of four differential identities R µαβγ;δ + R µαγδ;β + R µαδβ;γ = 0 (5.16)
This can be most easily proved by using Eq.(5.2) in a local inertial coordinate system.
The Ricci Tensor and the Ricci Scalar
Contracting the curvature tensor leads to the Ricci tensor R αβ
The Ricci tensor is symmetric, due to the symmetries of the curvature tensor i.e. ,
The Ricci scalar is obtained by further contraction of the Ricci tensor
The Einstein Tensor and the Einstein Scalar
The Einstein tensor is defined by
and is evidently a symmetric tensor. Contracting the Bianchi identities , Eq.(5.16) with g µβ g αγ one finds The Einstein scalar is obtained by contracting the Einstein tensor:
Physics in a Curved Spacetime 6a. General Principles
How should physics be formulated in a curved spacetime? Given the form of a physical equation in the SR framework, how should one modify it in order to describe properly the situation in the presence of gravity? The clue is provided by the general principles outlined in Chapter 2. The requirements of general covariance implies that physical quantities be represented by tensors and that the physical equations be tensorial equations. Thus, let us introduce a local inertial coordinate system in which SR applies, and express the physical quantities, under consideration, and the equations satisfied by them in a four dimensional Minkowski tensorial form. The equations can be considered as the manifestation of the curved spacetime equation in the local inertial coordinates.
Since in the local inertial coordinates g µν = η µν and covariant derivatives reduce to ordinary partial derivatives, the curved space form of the equation is readily obtained by replacing η µν by g µν and ordinary derivatives by the corresponding covariant derivatives. These guidelines are applied, in some detail, in the following sections.
6b. Electromagnetic Field Equations
The SR equations are 
where F µν is the antisymmetric electromagnetic field tensor, derived from a vector potential A µ and j µ is the source current four vector. A charged particle of mass m and charge q moves under the influence of the field along trajectories given by
with u α ≡ dx α ds being the particle four velocity. Applying the rules outlined in the previous section, we write the curved space equations as
In Eq.(6.5) the antisymmetry of F µν was used. As expected, Eq.(6.6) reduces to a geodesic for neutral particles.
6c. Massive Scalar Field Equations
The SR equation for a neutral massive scalar field φ of mass m is
which allows one to write the curved space equations as
Eq.(6.8) can possess solutions which are very different than those of Eq.(6.7) , due to the interaction with the gravitational field represented by g µν . This interaction is of importance whenever the gravitational field changes on spatial or temporal scales which are comparable to or smaller than the characteristic a wavelength or period of φ.
In particular, when φ represents a quantum field, this interaction can lead to particle creation. The latter will occur if gravity changes on spatial scales of the order of or smaller than the Compton length or on timescales shorter than the Compton length divided by c. Such situations exist near the horizons of black holes and in the early universe at times close to the cosmological singularity.
6d. Ideal Fluid equations
An ideal fluid is defined as nonviscous, not sustaining shear dresses and not transferring heat between fluid elements. IN SR, the fluid is represented by an energy-stress tensor T µν which depends on the two scalars: the energy density ρ and the pressure p, and on the flow four velocity vector
T µν satisfies the energy-momentum conservation law
The curved space form of T µν is the same as that of Eq.(6.9) but the conservation law becomes T µν ;ν = 0 (6.11) which upon substituting Eq.(6.9) leads to
Eq.(6.12) expresses energy conservation while eqs. (6.13) are the equations of motion. Note that for dust particles, p = 0 Eq.(6.130 reduces to a geodesic. This is expected since p = 0 means that no interactions between the fluid particles are present, i.e. they are moving freely under the influence of gravity.
6e. Action Principle for Fields in a Curved spacetime
Action principles are commonly used in the framework of SR to derive field equations. The action I m is a Minkowski invariant scalar
where L m is the Lagrangian density which is a scalar depending on the fields and their first derivatives. Upon arbitrary variations of the field φ (r) that vanish on the boundary of the integration domain, one has
By requiring that δI m = 0, the field equations
follow. As examples of Lagrangian densities, we give those for the electromagnetic field and for the massive neutral scale field.
The Lagrangian density is used to define an energy-momentum tensor
Which satisfies the conservation law T µν ,ν = 0. The energy-momentum tensor given by Eq.(6.17) is sometimes not symmetric and should be symmetrizing while taking care not to spoil T µν ,ν = 0. In curved spacetime the action is written as
where L m is a scalar ( √ −gL m is a scalar density which is obtained from the SR form of L m by replacing η µν with g µν and partial derivatives by covariant derivatives. As an example, consider the Lagrangian density for the massive scale neutral field
The variation of the action due to arbitrary variations in φ (r) and in g µν is given by
where T µν is the symmetric energy-momentum tensor
Demanding that δIm δφ (r) = 0, one obtains the field equations
The variation of I m with respect to g µν is nonzero. Only the variation of the total action including also that of the gravitational field itself, does vanish with respect to variations of g µν . We present the action for the gravitational field in Chapter 7. In the following section we show that the covariant conservation law T µν ;ν = 0 can be obtained as a result of I m being an invariant scalar.
6f. Conservation Laws in Curved spacetime
Charge Conservation From Eq.(6.4) one gets, using the symmetry of
Thus giving rise to a conserved scalar charge
where Σ is any space-like 3-surface which at its spatial infinity j α vanishes. When Σ is normal to x 0 , Eq.(6.23) becomes
Therefore, electric charge is conserved in the presence of gravity. In general, any conservation law of a four vector A µ , which in SR reads A µ ,µ = 0 becomes in curves spacetime, A µ ;µ = 0, leading to a conserved scalar
As we shall see this is not the case with conserved tensors.
Energy-Momentum Tensor Conservation
The action I m is an invariant constant scalar and as such, does not change under coordinate transformations. Consider therefore an infinitesimal coordinate transformation of the typex
under which δI m = 0 automatically. In Eq.(6.19), one has to insert δg µν and δφ (r) corresponding to the transformation given by Eq.(6.25). The first integral in Eq.(6.19) will vanish automatically as a result of the field equations, eq.(6.21). The second integral, though nonzero in general, does vanish for a δg µν induced by a coordinate transformation due to I m being an invariant scalar. The variation of g µν resulting from the coordinate transformation of Eq.(6.25) is computed to be This result shows that the conservation law of the energy-momentum tensor is a direct consequence of the invariance of the action to coordinate transformations.
It is well known that in the framework of SR, the conservation law of the energymomentum tensor leads to a conserved four vector of energy-momentum for isolated systems. T µν ,ν = 0 implies that
Since the right hand side is a divergence, it can be expressed as an integral over a 2-surface enclosing the system. For an isolated system T µν = 0 at spatial infinity so that the 2-surface integral vanishes and one has a conserved Minkowski four vector of energy-momentum
In the case of curved spacetime, the situation is quite different. Eq.(6.28) can be written as
is not a conserved quantity. This signals that the energymomentum of the gravitational field itself must be taken into account if one wishes to have a conserved energy-momentum four vector for an isolated system. This topic is discussed in Chapter 8.
Einstein Field Equations 7a. Derivation by Correspondence with Newtonian Gravity in the Limit of a Static Weak Gravitational Field
In the previous chapters we dealt with the effects of gravity on matter and non gravitational physics. We address now the issue of the field equations for gravity itself. In the framework of the geometric representation of gravity, we are interested in finding the field equations that determine the geometry of spacetime. A guideline towards the formulation of the equations is provided by considering the case of a static weak field generated by a non relativistic ideal fluid, i.e. one for which p << ρ. Upon using eqs. (5.13), ( 5.14) , one finds that
where φ is the Newtonian gravitational potential that obeys the Poisson equation
In Eq.(7.2) use has been made of the fact that p << ρ. Combining eqs. (7.1) an Eq.(7.2) yields
Let's regard Eq.(7.3) as the static weak field limit of the sought for tensorial equations. Eq.(7.3) suggests that the source term be given by the energy-momentum tensor T µν of matter and material fields. It also suggests that the geometric tensor on the left hand side be a second order symmetric tensor made out of combinations of the curvature tensor. This ensures linearity in the second derivatives of g µν . Since T µν is conserved, the geometric tensor must be one that is conserved by the virtue of its structure. Furthermore, demanding that SR be a possible empty-space solution, we require that in the case of T µν = 0 , the flat spacetime solution will be a possible one. These requirements single out the sought for tensor as the Einstein tensor, G µν , introduced in Chapter 5. Thus, the Einstein field equations are
where the proportionality constant was determined by the demand that Eq.(7.3) be the weak field limit of Eq.(7.4).
The field equations may be generalized by adding a "cosmological constant" term Λg µν to the left hand side so that
The generalized field equations Eq. 16) . Thus, the conservation of the energy-momentum tensor becomes a consequence of the way matter is coupled to gravity. As T µν ;ν = 0 contain the the equations of motion of matter, it follows that the equations of motion of the matter sources of gravity are contained in the field equations. This situation is rather different from that in electrodynamics where the field equations contain only the charge conservation law, Eq.(6.22) but not the equations of motion, Eq.(6.6) which are independent of the field equations, Eqs.(6.4), (6.5). As a matter of fact, in electrodynamics one could alter arbitrary the equations of motion, while taking care to satisfy charge conservation, regardless of the electromagnetic field equations.
In gravity, this is no longer possible: the field equations dictate very specific equations of motion. This feature of the Einstein field equations manifests itself in analyzing the initial value problem, concerning the data specified on a spacelike three surface, x 0 = const, that determine the future time evolution of the gravitational field and matter and matter fields. An analysis shows that one cannot prescribe arbitrary initial values for the matter variables, the g µν , and their first order time derivatives, but there are four constraints that the initial data must satisfy. A detailed discussion of these aspects is given in Article 13. The field equations, Eq.(7.4), are ten in number. However, as a result of the four Bianchi identities there are only six independent equations. Therefore, the solution of the ten components of g µν contains four unspecified functions. This enables assigning arbitrary values to four of the ten g µν components. In fact, this situation is expected and reflects the freedom to perform arbitrary coordinate transformations. Such transformations do not change the nature of the geometry and that of the gravitational field represented by this geometry. They do however introduce four unspecified functiones defining the new coordinate system in terms of the old ones. Only if one specifies a given coordinate system, this indeterminacy will be removed.
In particular, useful coordinate conditions are those defining "harmonic coordinates". Define the coordinates to be given by four scalars, so that x µ = φ (µ) , that satisfy the curved spacetime harmonic equation (hence the name)
In terms of the coordinates x µ = φ (µ) Eq.(7.16) takes the form
Eq.(7.7) defines the harmonic coordinates. In order to actually construct the harmonic coordinates, let us use the transformation law for the Christoffel symbols, Eq.(3.12), to derive the transformation law for g λτ Γ µ λτ , i.e.
Starting with non harmonic coordinates (x α ), we can ensure that (x α ) be harmonic by demanding the right hand-side of Eq.(7.8) to vanish. This in turn yields four differential equations forx µ (x α ) that could be solved provided that det(g µν ) = 0. This is assumed to hold anyway, since it is the condition that g µν be defined once g µν are given. We make use of the harmonic coordinates in chapter 9 when dealing in the weak field limit of the field equations.
7b. Action Principle for the Gravitational Field
It would be desirable to have an action principle from which the field equations Eq.(7.4) could be derived. The action for the matter sources I m was treated in Chapter 6. We are now looking for an action for the gravitational field, I g
where L g is a scalar, so that
This will ensure that the total action I = I g + I m will have a variation
for variations δg µν and δφ (r) that vanish on the three surface bounding the integration domain of Eq.(7.11). Upon requiring that δI vanishes with respect to these variations, we obtain the matter equations, Eq.(6.21) and the Einstein field equations, Eq.(7.4). Let us turn now to the Lagrangian density, L g . One cannot form a scalar out of g µν and their first derivatives other than a constant number. A scalar can however be formed that contains also the second derivatives of the metric and is linear in them. The most general such scalar is a linear combination of the Ricci tensor R = R α α and a constant number. A short computation yields
The second integral on the right hand-side of Eq.(7.12) can be expressed a 3-surface integral of √ −gv α over the boundary of the integration domain of Eq.(7.12). On this boundary, the variation in g µν is zero and therefore v α vanishes there. Thus, by comparing Eq.(7.10) with Eq.(7.12) the sought for L g is found to be
Note that since I g is an invariant scalar, its value does not change under coordinate transformations. Therefore, in analogy with the analysis given in Section 6f, we find that G µν ;ν = 0. This relation does not contain a new information, however, since G µν ;ν = 0 identically as result of the Bianchi identities.
We note that the field equations containing the cosmological term, Eq.(7.5) can be derived if I g is modified to
The action I g can be split into two parts, one containing only g µν and their first derivatives and the other containing also second derivatives of g µν . The splitting is based on separating √ −gR as follows
where 16πG
Clearly, L g contains only g µν and their first derivatives. The action L g is therefore expressible as
Upon variation of g µν that vanish on the 3-surface bounding the integration domain, the second integral on the right hand-side of Eq.(7.17) has a zero variation. Thus,
Note that L g is not a true scalar and it can be made to vanish by transforming to a local inertial coordinate system. However, δ( √ −g L g ) is a true scalar density. L g is useful in constructing the gravitational energy-momentum pseudo tensor discussed in Chapter 8.
Gravitational Energy-Momentum Pseudo-Tensor
In Chapter 6 we found that the covariant conservation law of the matter energy-momentum tensor, T µν , does not lead to a conserved four vector of energy-momentum for an isolated system. This indicates that the energy-momentum content of the gravitational field itself should also be accounted for in the total energy-momentum balance. Thus, one is motivated to construct a quantity t 
which upon using the field equation, Eq.(7.4) can be rewritten as
Using Eq.(7.19), we find that Eq.(8.1) can be satisfied if t ν µ is given by
Where L g is given by Eq.(7.16). Note that t ν µ is formed out of g µν and their first derivatives and is quadratic in the first derivatives.
Even though one may be tempted to interpret t ν µ as the energy-momentum density of the gravitational field, this is not the case. Unlike T ν µ , t ν µ is not a genuine tensor since it is formed out of non tensors. Thus, even in the presence of gravity, one can make t ν µ = 0 by transforming to a local inertial coordinate system. On the other hand in a flat spacetime where there is no gravity present, one can obtain t ν µ = 0 by transforming to non Lorentzian coordinates. These, imply that there is no meaning to local gravitational energy density. This in full accord with the EP that states that any gravitational field can be transformed a way locally, by transforming to a local inertial coordinate system. Nonetheless, one can define meaningful quantity representing the total energy-momentum of an isolated system, provided spacetime is asymptotically flat at spatial infinity. To do so, note that Eq. where the 2-surface integral is over a boundary enclosing the subsystem, at spatial infinity. For a spacetime that is flat at spatial infinity, and where no radiation escapes through the boundary, then in Euclidean coordinates (in which g µν = const), T ν µ = t ν µ = 0 on the boundary and the surface integral vanishes, giving rise to a conserved quantity
P µ is invariant under arbitrary coordinate transformations that do not change the Euclidean coordinates at spatial infinity. Under arbitrary coordinate transformations that at spatial infinity tend to Lorentz Transformations, P µ transforms like Minkowski four vector. Thus, one may regard P µ as the total energy-momentum four vector of the isolated system. Note however, that the existence of P µ critically depends on spacetime being flat at spatial infinity.
Weak Gravitational Field -the Linearized Field Equations
In many situations, the gravitational field is weak and the metric can be written as g µν = η µν + h µν ; |h µν | << 1 (9.1)
In this case it is useful to apply the linear approximation to the Einstein field equations, Eq.(7.4), in which only terms up to first order in h µν are retained. In order to obtain the linearized field equations, Let us write down the Riemann curvature tensor Eq.(5.2) which in this approximation is given by R µραβ = 1 2 (h αµ,ρ,β − h βµ,ρ,α + h βρ,µ,α − h αρ,µ,β ) (9.2)
From which, the computed Ricci tensor follows which is indeed compatible with the harmonic condition Eq.(9.7). The energy-momentum conservation law reduces to the flat space form T µν ,ν = 0. Thus, in the linear approximation the gravitational field potentials h * µν obey an inhomogeneous wave equation. This is consistent with neglecting effects due to the energy-momentum density of the gravitational field itself. Such a neglect is justified in this case since t µν , Eq.(8.4) is of second order in h µν . Does the harmonic coordinate condition, Eq.(9.7), fix uniquely the coordinate system? To answer this question, let's consider an infinitesimal coordinate transformation x µ →x µ = x µ + ξ µ where |ξ µ | << |x µ |. To first order in ξ µ , we find g µν = η µν + h µν − ξ µ,ν − ξ ν,µ ≡ η µν +h µν (9.13) whereh µν ≡ h µν − (ξ µ,ν + ξ ν,µ ) ; ξ µ ≡ η µν ξ ν (9.14)
From Eq.(9.14)h * µν = h µν − (ξ µ,ν + ξ ν,µ ) + η µν ξ α ,α (9.15) so thath * µν ,ν = h * µν ,ν − 2ξ µ eqno(9.16) Therefore, if the original coordinates were harmonic, so will be thenew coordinates, provided that 2ξ µ = 0. Thus, the harmonic coordinates are fixed up to ξ µ that satisfy the homogeneous wave equation. The weak field approximation presented here is applied in Article 5 in discussing gravitational waves.
